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foreword 



in April 1961. an advlso^ o^ttee ~ 

athematics convened *5®_Jl!5iculum^revlsion should take, 
hat secondary ““^hematics curriculum^w 

his coamittee ®®“® J®*® -5 gijators , and a consultant from one 
eachers, supervisors, *Ag a result of this 

,f the national Pj®s made that a revision of the 

This publication ^ematics^for^th^ ninth 

sxnerimental units for a course in mathematics i or ggond, 

SdeT The first rSInJ^iL ^a^SiSlsI 8 

Inits 5, 6, and 7; and this one contains ^^gtrihuted in one 

riSa^puJucrtroi“JSfiSS''t^ schom year when it is 

completed. 

Th. «.terlal3 In th. |X liJeSlertal’’"** 

npon the l®‘f*‘“s*tS 2 understood that the 7* and 

Sl experlnental ”Sx%9re«qulslt^^t^^^ , 

nental course* As in ^e / - qj basic natheinatical 

emphasis is placed JP®® ^rill-toi-frequently used program 

concepts as contrasted Lg-gtjieg receives the greatest 

in which the mechanics of mathematics agreed 

stress. The general ®PP'®®?*^,f?J-5??4gg as^the most desirable. 
Spon by leading ““ii. SmIJm m 3« SJhasls la placed 

In the actual of the pr gram j function of the 

The naterlals in the “^«“«Slt^;od“’alf o!ll“'’tte' 
mental syllabuses ^®®^®J®_J®®aa.hematics. These concepts are 
basic ideas and ®®n®?Pt® ®' “e^'tSJoughout their study in 
those which **^5<?h*’thia'*material the teacher should be able to 
mathematics. ''ii*^.^^2u;®i®auty of mathematics in terms of the 

lScrudW?Se SrcSSrse o? study 

for the ninth grade are: 

Algebraic Expressions and Open Sentences 
: Anl?y”s of Xlgebraic Problems 

The Set of Real Numbers ja^«io 

Prooerties of Exponents 8®^^®®,® _ 

: SJotUiods with Polynoialal Expressions 

, Quadratic Equations 
, Open Sentences in Two Variables 
, Relations and Functions 
, Trigonometric Functions 

A new mathematical ®®Jfg®®];^tJuction**^*Most*impor^^^ 
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teacher develops lesson plans that will allow the pupils to 
discover concepts for themselves, the teaching and learning 
of mathematics will become excitingly different and no longer 
remain the dissemination of rules and tricks. 

A special committee was formed to review the 9 ^ syllabus 
and to make recommendations for the writing of materials. This 
committee consisted of the following: David Adams, Liverpool 

High School; Benjamin Bold, Coordinator of Mathematics, High 
School Division, New York City Board of Education; Mary Challls, 
Plattsburgh High School, Francis Foran, Garden City Junior High 
School; Eleanor Maderer, Coordinator of Mathematics, Board of 
Education, Utica; William Mooar, Benjamin Franklin Junior High 
School, Kenmore; Verna Rhodes, Corning Free Academy; Leonard 
Simon, Curriculum Center, New York City; Joan Vodek, Chestnut 
Hill Junior High School, Liverpool; Frank Wohlfort, Coordinator 
of Mathematics, Junior High School Division, New York City Board 
of Education. 

The materials for the 9X syllabus were written by Charles 
Burdick, coordinator and teacher of mathematics, Oneida Junior 
High School, Schenectady. The project has been developed under 
the Joint supervision of this Bureau and the office of Frank 
Hawthorne, Chief, Bureau of Mathematics Education, who guided 
the planning. Aaron Buchman, associate In mathematics education, 
reviewed and revised the original manuscript. Herbert Bothamley, 
acting as temporary curriculum associate, edited and prepared 
the final manuscript for publication. 



Gordo>^ E. Van Hooft 
Chief, Bureau of Secondary 
Curriculum Development 



William E. Young 
Director, Curriculum 
Development Center 
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unit 8: POLYNOMIAL EXPRESSIONS 



part 1. BACKGROUND MATERIAL FOR TEACHERS 



8.1 INTRODUCTION 

♦w<***® to be encoiintered In 

***** explaining the meaning of the 
JSSi. *«ch«lc*l definition Is that a poly- 

nomial is a rational Integral algebraic expression of the 

for.. (1) OP (2) ,,x" + ^ „ 1 , 

any positive integer and ao 7« 0. The form a„ Is Included for 
eompleteness. In the standard form x Itself shall be simple. 

Thi«s requires that the expression be rational. 

«5J«r variable Is In an IrreSuclble radical or is 

under a fractional exponent. The expression 2x^ + 1 and 

2x + i are rational expressions but fx + 1 and x^ + 1 are not, 
SponStt'*^* cannot be under a radical nor have a fractional 



This definition requires that the expression be Intecral 
the variable when written with a positive exponent* 
cannot appear In any denominator. This of course also mms 

vrltten with a negative exponent cannot 
appear In any numerator. However, to be a polynomial th^ 
variable must be expressed with oSly posltl?! eS^SSeits! 

The expression 2x + i is a rational expression, but It Is 
denomlnator^*^*^ ****^®*®^®® because the variable appears in a 



are* restrictions contained in the definition 

ro\ m?® exponents of the variable must be positive ^nteeers 

(f) The vJJJSio S® ®® Irreducible radical! 

v3/ The variable cannot be In a denominator • 



polynomlals!^®^^"^ examples of expressions which are not 

(a) + 3 variable Is In a denominator. 

(b) 2 /F +9 The variable Is under a radical. 

(c) 2x ^ + 3x - 6 The variable has an exponent which Is 

not a positive Integer/. 

2 

(d) 3x + 4 The variable has a fractional exponent. 

This Is the same as being under a radical. 
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Notice that the restrictions apply only to the variable. 
They do not apply to the coefficients or the constant term. 

In the general definition of polynomials, no restrictions are 
placed on the coefficients, but such restrictions may be 
Imposed to limit the polynomial to any desired set of numbers. 

If the coefficients are to be restricted to the S(»t of Integers, 
ratlonals, or real numbers, then the polynomial being defined 
Is called "a polynomial over the Integers,” ”a polynomial over 
the ratlonals,” or ”a polynomial over the reals” respectively. 

In this unit, the topics relating to polynomials have been 
restricted almost entirely to rational coafflclants which for 
the most part are also Integral. However, Just a few of the 
exercises Involve Irrational coafflclants to clearly Indicate 
to the pupils that there Is no Inherent prohibition against 
the coefficients being Irrational numbers. Such exercises give 
the teacher M opportunity to explain the difference between 
f ? X and fSx as far as the definition of polynomial Is 

concerned. jfFx Is a polynomial but fSx Is not a polynomial. 

The question sometimes arises as to whether or not expres- 
sions such as 3x or 19 are polynomials. Monomials are poly- 
nomials; therefore, both 3* and 19 are polynomials. 

Mich of the work In this unit on polynomials, particularly 
the work on factoring, forms the foundations for the study of 
the topic of solving polynomial aquations In che next unit. 



8.2 ADDITION AND SUBTRACTION OP POLYNOMIALS 

This unit begins with a development of the concept of what 
Is meant by the term "polynomial.” The definition developed Is 
not the technical definition Just described, but It Is mathe- 
correct and sufficient for this course* The simpler 
definition Is restricted to a polynomial over the reals. 
Polynomial Is defined as a term or sum of terms, each of which 
Is a real number, or an Integral rational algebraic expression 
uOn?<lstug of a product of a real number and a positive Integral 
of the variable. This definition requires In Its devel'^ 
opment expiation of the phrase "Integral rational algebraic 
expression^ The meaning of this phrase was discussed In the 
Introduction to this unit. 



A polynomial, as defined above, must be a term or sum of 
terms. Therefore, an expression such as y^ - 5y - 3 must be 

considered as being y2 + (-5y) + (-3) before It can be accepted 
as a polynomial. This Is an Important consideration In 
determining the coefficient of a variable. For example, a 
pupil might consider the coefficient of the x tern In the 

expression x^ - 5x - 3 to be 5, when actually the coefficient 
Is -5* If the expression Is first considered as being 

+ (-5x) + (-3)j there Is no such confusion as to the 
coefficients of any variable. The same applies to the constant 
tern. The constant tern in x^ - 5x - 3 is -3, not 3. 
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The above definition of a polynomial also moans that an 
expression such as (x + 2)(x + M is a polynomial but it ^8 po* 
In standard polynomial form when written In this form* Hwever, 
when It Is written In the form 3? + 5x + 6, It i8-i“ *tandMd 
polynomial form* This Is a technical point, but It does have 
an Important application later In the unit when the expression 
"degree of a polynomial" Is defined* 

The restrictions on the variable contained In the defini- 
tion of a polynomial and the lack of such restrictions on the 
coefficients Is a very common point of confusion to many pupiis* 
Some time should be devoted to preventing or clearly up any 
such confusion* The difficulty Is usually In 
expressions which are polynomials but irtilch resemble expressions 
%fhlch are easily recognlaed as not being polynomials* Below 
are a few examples of such pairs of expressions* 



Dolvnomlals 


Polvnomlals 


lOx"**” 


l6"\ 


3 nr 


ifTx 


2 


2 


63? 


6^x 


(3x + 2|f3" 


/T * 2 IT 



The terms monomial, binomial, and trinomial each describe 
a particular type of polynomial* As Indicated by their pre- 
fixes, each Is a name for a polynomial of one term, two terms, 
traee terms respectively* Defining a monomial as a poly- 
nomial Is conslstant with the definition of a polynomial 
because a polynomial may be a term as simple as merely any 
real number* 



The degree of a polynomial Is the greatest exponent of the 
variable contained In the polynomial when written In standard 
polynomial form* For example, the degree of y^ - 6y5 + 7y - 9 
Is 5* There Is sometimes confusion at first as to the degree 
of expressions such as (x^ ♦ 5)(x^ " 5) - 6) * A pupil 

may Indicate that the degree of (^ ♦ 5)(ar - 5) Js 2 2 

Is the greatest exponent contained In the expression, aria that 

the degree of (x3 - 6)3 Is 3 because 3 is the greatest exponent. 
Such confusion can be quickly cleared up by reminding the pupil 
that these expressions are not written In standard polynomial 
form as the sum of terms* When written In standard polynomial 
form, the degree of the polynomial Is easily determined* 



The topic of addition and subtraction of polynomials is J®* 
new as It was Introduced In previous units* Performing addition 
and subtraction of polynomials simply requires the application 
of the commutative and distributive principles and application 
of the concept of subtraction being performed by carrying out 
the equivalent addition* For example. 



I 



ERIC 
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*^+(-l 0 x)+l 2 

* x*- 10 x +12 



’*^etliS"ip^ya^^^*a^pifniaSg^lSer!aSltl‘^^ **■* 

to do 80. furnish all such step 

8.3 MOITIPLICATIOK op miNOMIAls 

represents any monomlalf^ ^ * (AK6). ^lere ^ 

by any blnomlaif^®if****j^®?. to the multiplication r 
binomial x + 3 the above equation,*^ p|L®P®Jyno«l< 

(x + 7)fo^ ^ ^ represents the 

* 2,3 + 02 ^ + 9x + 18 

j 2 x 3 + 93 j2 + ^ 

* + 3 , 

■2x8 ♦ a, ^ .i 2 *® ♦ 3x + 6 

2 x 3 + 6*2 «-* 3 

3,8 + 5, 2,3, 3^, 

-f 1 ft — — — -f 9 , 4. jfl 

*x^ ♦ 9,2 + ^ 2,3 + 9,2 + ^ 

fictlr* 5 f Is cnrrecli but 

performed vertical Witten eornmon# Th^ 

»». . «S?i, •!U*{S‘“ I? 
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A few exercises requiring the multiplication of poly- 
nomials with irrational coefficients have been included in the 
questions and activities to give the pupils an opportunity to 
maintain their skills in operating with irrational numbers. 

The last part of this section is a study of the patterns 
in the multiplication of two binomials. This study has a two- 
fold purpose. First, it teaches skill in multiplying two 
binomials on sight* Secondly, it teaches recognition of the 
patterns in polynomials necessary in factoring polynomials. 
Factorisation of polynomials is the ne^t topic in the unit. 
Factorisation of polynomials is, in turn, used in solving some 
quadratic equations efficiently. Therefore, the study of 
patterns in the multiplication of binomials bears a very 
Important relation to the work that follows. 

The first pattern studied is: 

(x + DUx + A) * x2 + (O + AHx) + n-A. where Q and A 

represent the constant terms in the binomials x + □ and x + A* 
Special cases of this pattern are: 

(x + * x^ + 20c + C? 

and (x - A) (» + A) * x^ “ A^ 

The next pattern studied is: 

(ax + □) (bx + A) * abx^ (a A + [Ilb)x + 0»A 
Special cases of this pattern are: 

(ax + Q)2 s a^x^ + 2aQx + cf 
and (ax + A) (ax - A^ ~ a^x^ - A^ 



Mastery of these patterns enables a pupil to multiply two 
binomials on sight* Even though a pupil is not able to master 
these latter patterns to such a degree that he can multiply 
two such binomials on sight, at least he should be able to 
perform the multiplication with much greater ease and 
efficiency than he would have been able to do without the study 
of such patterns. A reasonable effort should be made to have 
the pupils master these patterns so that they will be able to 
perform the factoring of polynomials in the next section* 



By applying the concept that :i? - (-z)^, pupils can learn 
to identify as identities on sight such equations as: 

(x - 3)® = (3 - x)® 

•nd (x ♦ 3)® = (-X - 3)® 

2 

The preof of the theorem x 

(-x)® = (-x)(-x) 

= (-lHx)(-lKx) 

* (l)(x)(x) 

* x2 



(-x) is quite simple* 
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8.4 riCTORlNG POLTHOMIiLS 

in a certain set of nuiabers. In this co»se the set is 
Sually the set of integers, sonetlnes the rationale. 

The naln purpose of the naterlal in this 

t«.ch UcW of polyjo|rt.J^ by 

riM ISffiSV WISS” “ctlon. 

Factoring is used in the next unit in ^*»®„;;^;ii2?T.2^nse 

s?«So:r4?M.r«w 

particularly Integers. For ex^le, although x - 2 nay 

ssssp K ss: » «. 

teacher* 

Vnvther faetorlaatlon of factors that are constants i« 
no value in this wrk and such factorisation is not per or 

For example, I2x*^ 24x - 60 nay be factored into 

1 = In the set of reals, more complicated factors of 1 

can be written; thus, 1 = {7 + 4|[3)(7 “ 4|f3^* 

When directions are given to factOT • 

or soMtlMS S!y^ fSStors 

b. fctoroa forthor. 

The faetorlaatlon considered in this ^It is that 

1st 3:^ + 6x2 + 93 c s (3 x)(3[2 + 2x + 3) 

The remaining factorisations "« •PPll®J*J®SI !L*5je»ioua 
patters of multiplication of binomials studied in the previous 

section. These ares 
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(X + □) (x + ^) * + (□ + ^)x + C].^ 

(x + a + 2^ + ^2 

(x - ocx +n> = *2 - cf 



(ab + QXbx + A) = xbx^ + (aA + II]b)x + QA 
(ax + a aV + 2aQ + Cf 
(ax + A) («x - A) = *^x2 - A^ 



5 xpplylng these patterns to the topic of factoring, the 

•* right MBber of one of t&e abore 
*?5 i*'®^^®^J xeaber mast be determined. 

'*® ««^<>ted to this topic to enable the 
pupils to acquire reasonable skill in such factoring. 



8.5 DIVISION OF P0LTN0MIAL8 

J5f questions aM activities develop the common method 

^*^® ®“® polynomial by another 

polynomial. The sequence of exercises used to develop this 

prScfple**^" uppllcatlon of the distributive 

If 2x + 5 Is a factor of 6x3 + 23x^ + 30x + 25, then their 
quotient Is a polynomial which may be represented by □ ♦0+£lkJ 

th.t 1.. 

This may be written In the equivalent relation^ 

(2x + 5)0 +0+ A^ = 6x3 + 23x^ + 30x + 25. 

Applying the distributive principle, 

(2x + 5)(n) + (2x + 5)(Q) + (2x + 5)(A) = 6x3 + 23x^ +33X+-25 

If 2x + 5 Is to divide Into 6x3 + 23x^ + 30 x + 25, then theHrst 

term of the quotient must be 6x3 or 3x^ • Thus Q must equal 
3x2. 2x 

(2x + 5)(3 x 2) + (2x + 5)(Ci) + (2x + 5)(A) = 6x3+ 23x^+3Qjc+25 
(6x:^ + i5x^) + (2x + 5)(0) + (2x + 5)(A) = 6x^+ 23x^+30x + 2| 

(2x + 5)(^) + (2x + 5) (A) = 8x^ + 30x + 25 

*® ®*Plsin this last step clearly. The divisor 
and the first term of the quotient are multiplied and the 

Is this step that Is 

the basis for the formal method of dividing polynomials which 
the pupils will use eventually In performing such division. 

Following the same analysis, ^ must equal or *w. 

_ 5x 

(2x + 5)(4 x) + (2x + 5) (A) = 8x? + 30x + 25 



(8x*" + 20 x) + (2x + 5) (A) = 8x 

(2x + 5 j(A) = lOx + 



|0x + 25 
=5 
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Finally ^ niist equal lOx or 5, 

"5x 

= 3x® + 4. ♦ 5. 

in a sy.te.atlc vertical a?r2?eSiit IS^SiSwSf 



2x + 5 



n? 



^x* 

13? 

-iad 



4x •!• S 



+ 30x + 25 



8x^ 

s£ 



* 30x + 25 
■■ 

IDX <•■ 25 
103C •»• 29 

e«“gjj jsi,. 

the .leein* terms mey he Inswtef iSt^’tSe^^i^SiS^^J^J* 
• eoefflclent of sero. For ememple, * 6^* * ti, . , „y he 

x^ - 4 



written as x^ + 6*** + o»3 a. n-2 ^ ^ ^ 

J ^ o 2 — ^ ^ before the devlslon 

_ r * Ox + Ox -4 

perforaed. ^ 



Is 



Teacher Notes 
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unit 8: POLJfNOMIAL EXPRESSIONS 

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 

8.1 INTRODUCTION 






In the questions and activities in this unit, the coeffi- 
cients and constant terns in the polynomials have been limited 
almost entirely to Integers and in some cases to rational num- 
bers. The reason for this is that the unit is primarily a 
preparation for the following unit on solving quadratic equa- 
tions, particularly by the factoring method. It is not neces- 
sary to work with irrational numbers for such factoring; there- 
fore, the teacher may feel free to delete all exercises involv- 
ing irrational numbers contained in this unit. However, the 
?? the pupils maintain their skills in 

operations with irrationals and should feel free to Implement 
the exercises in this unit with additional exercises involving 
irrational numbers. In all cases, it would be wise to bring 
out that factoring depends on the set of numbers used. For 
example, while studying the topic of factoring, the polynomial 

X - 3 may be considered as being the product of two binomials 
in the set of real numbers. The pupil might well be able to 
see that one pair of factors could be x 1/ 3 and x - iTT but 
may not at once realize that in this enlarged set there are now 
an unlimited number of pairs of factors, another representative 

pair being, 2x + iff and | - jCJ. Again, this area is optional. 



8.2 ADDITION AND SUBTRACTION OP POLYNOMIALS 

Concept: Definition of polynomial. 

indl<?ate ^226 base . exponent , and the coeffi - 
la iihi expression 33? . 

The base is x, the exponent is 7 * and the 
coefficient is 3. 

Ifidiragte jtjjs coefficients and the constant term 
1 ft the expression - 4 x^ * Si * Z* 

AflaHSE* The coefficient of is - 4 , the coefficient 
of X is 5 * and the constant term is 7. 

( 3 ) Each of the following expressions la called a poly- 
nomial. ^ 

x3 + 11x2 + I + 5^ l/T a3 + 12 A + 1 , - 3 b + 9 , 

-I 4 l K, 3 /T, 62 
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Answer ^ following questions. 

(a) If the variables represent real numbers) Is each 
term In every expression above a real number? 

(b) Is every expression a term or sum of terms? 

(c) If an Integral algebraic expression Is one which 
does not contain a variable In a denominator nor 
a negative exponent In the numerator) Is every 
algebraic term In each of the above expressions 
an Integral algebraic expression? 

(d) Does every term In each of the above expressions 
which contains a variable have a positive Integer 
as an exponent? 

(e) To be classified as a polynomial In the set of 
real numbers ) an expression must meet all of the 
following requirements: 

(1) It must be a term or sum of terms. 

(2) Coefficients and constant terms must be 
real numbers. 

(3) Variables) If present, must have positive 
Integral exponents. Such exponents cannot 
be negative nor fractional, nor can the 
variable be written In any way which is 
equivalent to having a negative or frac- 
tional exponent. 

Summarize these three points to form a definition 
of a polynomial In the set of real numbers In a 
Ingle sentence. 

Answers: 

(a) Yes (b) Yes (c) Yes (d) Yes 

(e) A polynomial* In the set of real numbers. Is a 
term or sum of terms, each of which Is a real 
number or an Integral algebraic expression con- 
sisting of a product of a real number and a 
positive Integral power of the variable. 

Indlegj^ SL following whether ^ 

expression H i polynomial. . expression 

12 JOSH A polynomial , state j|^ reason ^ li falls ^ 
ISfiA deflnllplon ^ polynomial . (In this exer- 

cise and the following ones. It Is understood that we 
are referring to polynomials In the set of real 
numbers . ) 

(a) 2 x 2 - 5x + 6 

7 

Answer : This Is a polynomial. It Is equivalent to 

the sum of terms 2x2 + (-Jx) + 6. 

7 



(b) (2x + 2)(3x -6) 

Answer; This Is a polynomial but It Is not In stand- 
ard polynomial form. This product expressed as 

6*2 - 6x - 12 would be In standard polynomial form. 
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(c) /3 *2 - \J^x-6 

Answer; This is a polynomial. The coefficients are 
real numbers. 

(d) X 1 
X - 1 

Answer; This Is not a polynomial. The term Is not 
an Integral algebraic expression. The variable is 
In the denominator. 



i 

(e) 6x2 



Answer; This is not a polynomial. The exponent of 
the variable Is not an Integer. 

(f) lo-** 

Answer; This Is a polynomial. It Is a real number. 



( 5 ) 



. P . PP9gl^; ^ following polynomials M 

o£ " degree ." observing the pattern 
Qt 1^2 degree, determine what 

^ degree ^ 2 polynomial tin one variable ) . 

16x5 - l4x** + 13x2 -9 has degree 5 



has degree 6 

7x2 + . 4 jjgg degres 2 

6d - 9 has degree 1 



Answer; The degree of a polynomial Is the highest 
power of any variable appearing in the polynomial. 

(6) Answer ^ following . 

(a) What do the prefixes mon, bl, and trl mean? 

(b) What kind of polynomials would each of the terms 
monomial) binomial) and trinomial seem to 
indicate? 



Answers ; 

(a) Non means consisting of one. 

Bl means consisting of two. 

Trl means consisting of t^^ee. 

(b) A monomial (note only one n) Is a polynomial 
consisting of one term) a binomial of two terms ) 
and a trinomial of three terms. 



( 7 ) 



Si following 22 either 
) SL trinomial. 

(a) - /l7x2ya (b) 2x * (c) 3x2 + 5, - 6 

5 



Classify each 
monomial , binomial 
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Answers ; 



(a) Monomial , ^ - 

(b) Written in standard polynomial form 




it is a binomial* 
(c) Trinomial 



y 



Coneent t Addition and subtraction of polynomials. 

(8) Add ihg following ja^r? p9lyqon>tq . } g» 

where necessary the commutative afld d4gtribut^t , y _ § 
principl es, and the pr4p<?^p,\g ilal -S 

performed by carrying out the equivalent add^tlfi n* 

(a) (6a2 - 4a + 10) + (lOa^ + 4) 

(b) (-5y2 + 3y - 6) + (5y^ - 3y + 6) 

(c) 3x2 + 2x + 5 (d) -7 v 3 - lOv + 12 

. 6x . 6 



Answers ; 

(a) I6a2 - 4a + l4 

(b) 0 



(c) 8x2 - 4x - 1 

(d) -7 v3 - 2v - 2 



(9) 



(a) 

(b) 



Answer following* 

Is it possible for the sum of two polynomisls to 
be of higher degree than the highest degree of 
the two polynomials being added? 

Is it possible for the sum of two polynomials to 
be of lesser degree than the degree of either 
polynomial being added? Give an example. 



Answers ; 

(a) No o X I 

(b) Yes. For example, (2x2 _ 6x) + (-2x + lOx) * 4x. 

(10) Determine the additive Inyersfi sL aflSii SL lllS 
following . 

(a) a5 - 3a2 + 9 (b) k? + 10^ (c) -3»3 - m7 

(a) -a5 + 3a2 -9 (b) -k5 - 10^ (c) 3:«3 + n/ 

(11) How can the principle -x * (-l)(x) ^ sjjaiifid 
performing iJig subtraction x2 - (3x2 - £) ? 

Answer s x2 - (3x2 . 7 ) « ,2 + “(3x2 - 7) 

= x2 + (-1)C3 x 2 +(-7)1 
* x2 + (-3x2)+ 7 

s - 2 x 2 + 7 
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'H 



i 

F 

( 



I 










( 12 ) 



(14) 



( 15 ) 



JU each jg£ the following perform the Indicated 
aubtractlon . 



(a) 

(b) 

(c) 



(y3 - 



1) - (y - 6) 



(7a^ + 13a - 12) - + z + 1) 

(-4p2 + 5p - 11) - (4p2 - 5p + 11) 



(13) 



Answers; 

(a) y3 - y2 _ y + 7 

(b) 6*2 + 12 2 - 13 

(c) -8p2 + lOp - 22 

la aach siS. liilS following , subtract the lower 
polynomial Hfis ^ upper one . ^ performing the 
equivalent addition. 

(a) -6p3 + 3 p 2 _ p + 9 (c) -2k2 + k - 7 

3p 3 - p2 4- 4n - 6 4k^ - k2 ■>• k - 7 



(b) -3t2 + 5t + 8 



Answers ; 

(a) -9p3 + 4p2 

(b) -6t2 + 16 

(c) -3k3 - fc2 



- 5p + 15 



Afi A polynomial. JJis perimeter aX. A£Sb 

of the following . 

(a) A triangle whose sides ar? Stx^ + 6, 6x - 4, and 
6x + 4 

(b) A rectangle whose width Is 7y 7 and whose 
length Is y2 + 2y - 6 

(c) A square one of whose sides Is y2 -f y 

(d) By how much does the perimeter of the square In 
exercise (c) exceed the perimeter of the rec- 
tangle In exercise (b)? 



Answers ; 

(a) 2 x 2 + i 2 x + 6 (c) 

(b) 2y2 + I8y + 2 (d) 



4y2 + 4y 
2y2 - l4y - 2 



£hs surface at A Cuba 3Z units *in length on an 
adge painted rg^. cube then cut into 

smaller cubes each x units aSk AQ Mea . each at 

following , express number aL small cubes 
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m 



(a) Four faces painted (d) One face painted 

(b) Three faces painted (e) No face painted 

(c) Two faces painted 

Answers ! 

(a) 0, 0 (b) 8, 24x2 (g) 24x2 (d) 6, 6x2 

(e) 1, 0 (f) 6(3x)(3x) = 54x2, 

24x2 + 24x2 + 6x2 - ^jj2 

8.3 MULTIPLICATION OF POLYNOMIALS 

Concept : Multiplication of a polynomial by a monomial. 

(1) Si j^he application ££ what principle could the 
product (ix2) (^2 - 3^ + 2) ili determined ? 

Answer ; By the application of the distributive 
principle 

(2) Determine the product of the following pairs of 
polynomials ^ applying the distributive principle . 

(a) 7x3^^x2 - + 4J 

(b) -|y3(10y2 - 5y - 6) 

. (c) 100x2(0.17x3 - 0.03x2 + 0.33x - 0.9) 

Answers i 

(a) lx? - 2x**^ + 28x3 
3 

(b) -6y^ + 3y**^ + I8y3 

(c) 17x5 - 3x** + 33x3 - 90x^ 

(3) Perform the Indicated operations and express the 
answer In simplest form . 

( a ) 3x ( 2x3-4x2+6x-2) -5x ( x3+7x2-5x+7 ) 

(b) 5 c7(19c5-4c3+1)+3c2(c10-2c7-5c6-5c5+6) 

( c ) 3k^ ( k^-k‘*+k2- 1) +3 ( k^-k‘*+k2- 1 ) -3 ( k®- 1 ) 

Answers! 

(a) x*^ - 47x3 + 43x2 - 4lx 
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* 1 ?® (-6*2 + x - 3 )(, + 2> 

LSJ addition and then perform 

the same multiplication by vertical addition. 

AnswfiE: (-6x2 + x - 3)(x) + (-6x2 + x - 3)(2) = 

-6x3 + X - 3* + (-12x2) + 2x - 6 
-6x3 - 11 x 2 _ X - 6 



-6x3 + x2 - 3 x 

_ -12x2 + 2x - 6 

-6x^ - llx^ - X - 6 

perform, the horizontal 
addition or the vertical addition? 

Aflsweri The vertical addition 

(g) Parform the multiplication (-3x2 + 2x - 5)(x - X 
by the vertical addition method, first e^resslni 
3c - 3 as the equivalent addition x 

An?w^r: - 3 x 3 _ 7 x 2 - iix + 15 



(7) 




fiSE&oehts. 


(a) 


(X + 


(b) 


(4a2 


(c) 


(2y + 


(d) 


(3x + 


Answers i 


(a) 


x7 + ] 


(b) 


12a3 -t 


(c) 


I0y3 4 


(d) 


36x3 - 



(X + l)(x6 - x5 + x*t - x3 + x2 . X + 1 ) 

(4a2 - a + 3)(3a + 7 ) 

( 2 y + 5y2 - 5)(3 + 2 y) 

( 3 x + 2)(4x - 5)(3x - 4) 



Cfinsejat: Multiplication of two trinomials. 

(a) (r 2 + 7 r - 3)(3p2 + 5 r . 3 ) 

(b) (3y2 + 6 y - 4)(-3y2 - 6 y + 4) 

(c) (2x*^ + 3x2 - 2 )(x2 - X + 1 ) 
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Answer S i 

(•) 3r*^ + 26r3 + iSr^ - 7ir + 24 

(b) -9y** - 36y3 « I2y2 + 40y . 16 

(c) 2x^ - 2x^ + 5x^ - 3*3 + x^ + 2x - 2 

polynomials containing 
irrational numbers* ® 

^ ^ ISl^pw^ng j 2 T 2 dacta jn simplest 

(a) fT ( / 2*2 + 6x - /J) 

(b) ( f2x + 7 )( 3 x 2 - /2x - /l8) 

Answers i 

(a) |/6 x2 + 6 /Jx - 3 

(b) 3 i(ix3 ♦ 19x2 - 7 /Sc . 6, . 21 ^ 

£ gAO?P^i : Patterns in multiplication of binomials. 

(a) fi^(^ IfaaiS saa a£ iha lalia^ 

(b) Cx + (-2)3 (X + 9) 

(c) [y + (-3)j l^y + 

Answers i 

(a) x2 + 6x + 8 

(b) x2 + 7x - 18 

(c) y2 - 10 X + 21 



( 11 ) 



( 12 ) 



( 13 ) 



a£p&‘M»fa,‘S4m? 

AqSSSSL’ Tbe last or constant term 

In |asb fif ^ exercises in (tq), the sum of thP 

IS 12 iSa aaaa as 5 ?fteiwt^ 

Answers The coefficient of the middle or x term 
Answer the following . 

*!=»<*♦ A) as a 

(b) Combine the seconS and third terms In this extires- 
Sion, applying the distributive principle. ^ 
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(c) Describe how the product (x + □)(x + can be 
expressed as a polynomial on sight, where x 
represents the variable and Q and ^ represent 
the constant terms* 



Answers ; 

(a) x^ Qx + ^x + 0*A 

(b) x2 + (□ + ^)x + p.A 

(c) The first term of the polynomial will be equal 

to x^, or the product of the first terms of the 
factors. The second term will be the product of 
the sum of the constant terms and the variable. 
The third term will be the product of the con- 
stant terms. 

(l4) Applying the principle that (2 Q)(2 ~ 

2 ^ + (O + A)2 + perform the following multi - 

pllcatlons by inspection. 

(a) (y + 7)(y - 3) (c) (k + 9)(lc + 9) 

(b) (X - 3)U - 4) (d) (X - 6)2 



Answers ; 

(a) y2 + 4y - 21 (c) fc2 + I8x + 81 

(b) x2 - 7x + 12 (d) x2 - 12x + 36 



(15) Express the product (x + A) (x - A) Jja simplest 

form . 

Afl2wg£; x2 - ^2 



(16) Applying the principle that (x + ^)(2 - A) = 

^2 - A2. determine J2£ inspection the following 
products . 

(a) (x + 9)(3c - 9) (c) (x + l)(x - 1) 

(b) (x-ll)(x+ll) 



(17) 



Answers ; 

(a) x2 - 81 (b) x2 - 121 (c) x2 - 1 

Answer the following . 

(a) Determine the simplest form of the product 
(-1) (x)2. 

Answer ; (-l)(x)2 = (-l)(x)(-l) (x) 

= (-l)(-l)(x)(x) 

= x2 
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(b) (-D(x) Is equivalent to what simpler expression? 
Answer ; -x 

(c) What Is the relationship between (-x)^ and x^? 
Answer ; (-x)2 = 



(d) Express the relationship (-x)2 = *2 in the form 
of a word sentence, x representing any poly- 
nomial. 



-An?wqr; The square of a polynomial and the square of 
Its additive Inverse are equivalent. 



(e) Can the equation (x - 3)2 = (3 - x)2 be recog- 
nized as an Identity without actually performing 
the Indicated multiplication? 



Ajigwer; Yes. It can be recognized as an Identity as 

It Is an example of the Identity x^ = (-x)2, (3 - x) 

Is the additive Inverse of (x - 3). That Is, 

-U - 3) = -X + 3 = 3 - X 

(f) Is the equation (h + 5)2 = (-h -5)2 an Identity? 

Answer; Yes. (-h -5) Is the additive Inverse of 
(h + 5); therefore, (h + 5)^ = (-h -5)^, 

(18) Answer the following . 

(a) Express the product (ax + n)(bx + A ) as a 
polynomial, a and b representing the coefficients 
of the variable x and □ and representing the 
constant terms. 

(b) Combine the second and third terms Into a single 
term by applying the distributive principle. 

Answers ; 

(a) abx2 + bl~~lx + aAx + n »A 

(b) abx2 + (bJQ + aA)x + n»A 



(19) Applying ills jgrlnclple (52 + Q)(J^ + A) = 

+ 5*A, express ^ Inspection 
l^ie fallowing products ^ polynomials . 

(a) (3x+4)(6x+l) (c) 

(b) (,2y+ 7)(y - 3) (d) 



(3k - 5) (7k - 11) 
(4y - 7)2 - 



Answers ; 

(a) 

(b) 



18x^ + 27x + 4 
2y2 + y - 21 



(c) 21k^ - 68k + 55 

(d) 16y2 - 56y + 49 
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(20) 



Express the product (ax + D) (m - □) in 
slBPlest form . 

Answer ; a^x^ - qS 

(21) ABBlylftK £lis principle (§£ +Q)(as ~ Q) - 

e^x^ - q 2, determine J 2 £ Inspection ^ products ^ 
ih£ following. 



(a) (5x - 7)(5 x + 7) 


(c) 


(-X + 8)(-x - 8) 


(b) (lx + 4) (lx - 4) 


(d) 


(O.lx + 0.1)(0.1x - 0.1) 


Answers : 


(a) 25 x 2 - 49 


(c) 


x2 - 64 


(b) ix^ - 16 


(d) 


.01x2 - ,01 



(22) Replace ^ frames ^n ^ following equations 

numbers ^ make each equation an Identity . 

(a) (x - 3)2 = + ^x + 9 

(b) (x + n)2 = x2 + 8x + 16 

(c) (y - Q)2 = y2 - Av + ^ 

(d) (k + = k^ + ^k + 81 



Answers; 

(a) (x-3) - X -6x+9 (c) (y-^)^ = y^-y+jL 

(b) (x+4)^ = x^+8x+l6 (d) (k+9)^ = k^+l8k+8l 

(23) Indicate what number must replace the frame In 

eich 2 £ ^ |p_Uow.lnR If ^ polynomial Is to be the 
square ^ binomial . « ..us 

(a) s2 + + 1 (c) y2 - .2y + O 

(b) t2 + 5 t + O (d) x2 - 3x + 



Answers; (a) 2 



(c) 

(d) 



0.01 



(24) 



Express each pf 
polynomial . 

(a) (x + ^)2 



the following products as a 
(b) (ax + [ 11)2 



Answers ; 

(a) x2 + 2;^x + ^2 (b) q 23 j 2 + 2a[Jx + Q2 
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(25) Summarize . b£ listing . ^ patterns f9iffi4 In ^ilS 

multiplication of two binomials . 

insasLi 

(1) (X + 0(x + A) = + O + A)x + DA 

(2) (X + A)^ = x2 + 2 Ax + 

(3) (X + 0)(x - D) = 

(4) (ax + nxbx + A) = abx2 + (bQ + aA)x + CD’A 

(5) (ax + A)^ = + 2aAx + A^ 

(6) (ax + DMax - □) = a^x^ - Q2 



8.4 FACTORING POLYNOMIALS 

Concept ; Factoring by applying the <21strlbutlve principle. 



( 1 ) 



Below are several polynomials and opposite each 
are two or more polynomials which are called factors 
of the given polynomial . Wiat does the phrase 
» factor of a polynomial ” s ftem is »ean ? 

Given polynomial Fa ctors of the given polynomial 

21 3 and 7 



17yz 
ac + be 
^2 + 7x + 12 

x3 - X 
30 



17, y, and z 
e and (a + b) 

(x + 3) and (x + 4) 

X, (x + 1), and (x - 1) 
2, 3, and 5 



Answer ; A factor of a polynomial Is one of two or 
more polynomials whose product Is the given poly- 
nomial. 

(2) What principle could J2S applied ^ ^ expression 
^ -t- ^ that could ^ resolved Into ^ factors? 

Answer ; The distributive principle, ak + bk = 

(k)(a + b) 

Note ; In the previous and the following exercises In 
factoring, If the given expression contains only 
variables and integers, then it shall be required that 
the factors contain only variables and Integers. 
Denominators in factors of expressions containing 
fractions shall not be greater than those given. 

(3) Resolve each si following into iSS. IsS^SSS. 
by applying the distributive principle 

(a) ax2 + bx (b) 3y^ - 6y2 (c) 5abc + lOcde 
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(d) 4x*^ - I4x3 + 22x2 (g) c99 + 

(f ) ^m3 2m2 

7 7 



Answers t 



(a) 


( 3 :) (ax + b) 


(d) 


(2x2) (2x2 . 7x + 11) 


(b) 


(3y2)(y - 2) 


(e) 


(c99)(i + c) 


(c) 


(5c) (ab + 2de) 


(f) 


m2 (3m - 2) 
7 


Concept: 


Factoring an integral (rational) polynomial that 
is the product of two integral (rational) 
bincmia Is. 



(4) Answer the following * 

(a) If the expression x^ + 13x + 42 is the product 

of two binomial factors containing only variables 
and integers, what must be the product of the 
two constant terms in the factors? Vfhat must be 
the sum of the two constant terms? 

(b) What two Integers have a product of 42 and a 
sum of 13 ? 

(c) If the constant terms of the factors are 6 and 7, 
express x^ + 13 x + 42 as the product of two 
binomial factors containing only variables and 
Integers. 



Answers : 

(a) The product of the two constant terms must be 42 
and their sum must be 13 * 

(b) 6 and 7 

(c) (x + 6)(x + 7) 



(5) 



Applying the principle x^ + (Q + ^)x + = 

(x + BHS + A), resolve each tjie following jjnta 
itegral factors (containing only variables and 



two 



(a) 


h2 - 7h + 6 


(e) 


x2 + 


CM 

r-4 

+ 


(b) 


x2 + 7x - 18 


(f) 


x2 - 


llx + 18 


(c) 


CM 

1 

K 

+ 

CM 

K 


(g) 


z2 - 


z - 30 


(d) 


y2 _ 3y _ 18 


(h) 


f2 - 


13f + 36 


Answers : 








(a) 


(h - 6)(h - 1) 


(e) 


(X + 


6)(x + 2) 


(b) 


(x + 9)(x - 2) 


(f) 


(X - 


9)(x - 2) 


(c) 


ix + 4)(x - 3) 


(g) 


U - 


6)(z + 5) 


(d) 


(y - 6)(y + 3) 


(h) 


(f - 


9)(f - 4) 
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Answer the followlne . 

(a) If the polynomial + 6w + 9 is tfie square of 

an integral binomial, what informa'; ion concerning 
the constant term of the binomial ‘.van be deter- 
mined by inspecting the polynomial? 

Answer : The square of the constant term must be 9 

and two times the constant term must be 6. 

(b) Vfhat must the constant term of the binomial be in 
the above example? 

Answer : 3 

(c) Write the trinomial form w^ + 6w + 9 in the form 
of a binomial squared. 

Answer : (w + 3)^ 



Indicate the two equal factors of each of the 
X allgw^ng J2£ wrl.tlqg ^ equivalent binomial squared . 

(a) x2 + 4x + 4 (d) d^ + 22d + 121 

(b) a^ + 12a + 36 (e) c^ - 12c + 36 

(c) y2 - lOy + 25 



Answers : 

(a) (x + 2)2 

(b) (a + 6)2 



(c) (y - 5)^ 

(d) (d + 11)2 



(e) (c - 6)2 



Answer the following . 

(a) If the expression x2 - 9 is the product of two 
integral binomials, what must be the sum of the 
two constant terms? 

(b) What must be the product of the two constant 
terms? 

(c) What two integers have a product of -9 and a sum 
of zero? 

(d) What are the two factors of x2 9? 



Answers : 



(a) 


Zero 








(b) 


-9 








(c) 


3 and -3 








(d) 


(X + 9) 


and 


(X - 


9) 




Exoress 


- 




as the oroduct of two factors. 


Answer: (x + 


A) 


(x - 


A) 
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(10) ffni iowine ij!£ asSs ^-sSS 

^..itisr r'ewtlsriasti s£ aa Saga^ae aa m jasaast 

pf two jjitBgral or rational blno?nlala» 



(a) x2 - 4 (c) k2 . i6 

(b) y2 - 1 (d) ~ 



(e) - 4 

9 

(f) w2 - 0.04 



Answers ; 

(a) (x + 2)(x - 2) 

(b) (y + i) (y ~ 

2 2 

(c) (k + 4)(k - 4) 



(d) (y + 9)(y - 9) 

(e) (z + 2) (z - 2) 

3 3 

(f ) (w + 0.2) (w - 0.2) 



( 11 ) 



Answer the l|'el lowing. 

(a) Express (ax + Q)(bx + /^) as a trinomial. 

Answer ; abx^ + (LJ^ * 

fh) If the expression lOx^ + 21x + 9 is the product 
of two binomials, what must be the product of 
the two constant terms? 

Answer ; 9 

(c) What must be the product of the two coefficients? 
Answer ; 10 

What nalr of integral constant terms whose 
^ ^ SSdu?t is 9 and Shat pair of integral coeffi- 
Stents whose product Is 10 can be chosen so that 
(□b + a^) equals 21? 

two factors, the conditions will be satisfied. 



( 12 ) 



(13) 



Annlvlng the principle iQ (11) , resolve &ach qI 

the Mo tw2 fesai Msasiai lasisES- 

(a) I6x^ - 8x + I (c) 5y^ + 11/ 6 

(b) 6y2 + 25y + 25 (d) 3x^ + 2x - 21 

Answers ; 

(a) (4x - l)(4x - 1) (c) (5y + 6)(y + 1) 

(b) (2y + 5) (37 5) ^3x - 7)(* 3) 

Answer the following. 

(a) Express as the product of two binomials. 

Answer ; (□ + A)^ D " A) 
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(b) Express 9*^ - iOO as the product of two Integral 
blnomia Is . 



Answer : (3x + 10) (3* - 10) 

( l4) Following the note preceding exercise Q) ^ this 

section , resolve each of the following Into two 
Integra 1 or rational blnomia 1 factors ( product form ) . 

(a) 4k^ - 121 (c) 49 x^ - 36 

(b) lf2 - 0.01 (d) 9a2 - 1 

9 4 



Answers s 

(a) (2k + 11) (2k - 11) (c) (7x2 + 6) (7*2 - 6) 

(b) (If + 0.1) (If - 0.1) (d) (3a - l)(3a + 1) 

3 3 2 2 



(1?) la the set of Integers , factor each of the fol- 

lowing completely (^ product a£ prime factori ) . 

(a) Jab + lOac + IJa^b 

(b) x3 + 3x2 + 2x 

(c) l4xy + 7x^y - 21x^y 

(d) 6xy^ - 24 x 

(e) Jm2 + 40m - 4J 

(f) X** - 16 

(g) d^ - 3d2 

Answers : 

(a) (Ja)(b +2c + 3ab) (e) (J)(m + 9)(m - 1) 

(b) (x)(x + 2)(x + 1) (f) (x2 + 4)(x + 2)(x - 2) 

(c) (7xy)(2 + 3x)(l - x) (g) <j2 (^2 . 3) 

(d) (6x)(y + 2)(y - 2) 

(16) Simplify each of the following by first factoring 

the numerator and denominator and reducing the expres - 
sion lowest terms by applying the cancellation law . 

(a) 4c^ - 9 (b) x2 -f 9x l4 (c) (x + v) ^ 

*2 + 5* + 6 

Answers : 

(a) 2c - 3 (b) X 7 (c) x y 

2 X + 3 X - y 



8.J DIVISION OP POLYNOMIALS 

Concept t Division Is the Inverse of multiplication. 
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(1) How can it ^ determined whether or not 19 is a 
factor of 589 ? 

A nswer ; If 19 is a factor if 589f it will divide into 
589 without a remainder, 

(2) Answer the following . 

(a) Express the division 589 _ 31 as an equivalent 

multiplication. 

(b) How can this principle be used to check the 
accuracy of division? 



Answers ; 

(a) (3D(19) = 589 

(b) If the product of the quotient and divisor equals 
the dividend, the division was performed 
correctly. 



(3) Answer following . 

(a) How can it be determined whether or not (2x + 5) 
is a factor of 6x3 + 23x^ + 30x + 25? 

Answer ; By dividing 6x3 + 23x^ + 30x + 25 by 2x + 5. 
If there is no remainder, then 2x + 5 is a factor. 



(b) If 2x + 5 is a factor of 6x3 + 23 x^ +30x + 25i 
then 6x^ + 23x2 30x 25 _ ^ + A) where 

2x + 5 

(CD ^ A) represents a polynomial. Express 
the above equation as an equivalent multlpll* 
cation. 



Answer ; (2x + 5) (□ + O + A ) = 6x3 + 23 x? + 30x + 25 



(c) Express the left member of the above equation in 
an equivalent manner, applying the distributive 
principle. 

Answer ; (2x +5)0) + (2x + 5)(0) + (2x + 5) (A) = 
6x3 + 23 x^ + 30x + 25 



(d) If 2x + 5 is a factor of the given polynomial, 
what must (□) represent? 

Answer ; (□) must represent 6x 3 ©r 3x^, 

2x 

(e) Substitute 3x^ for (□) in the above equation 
and simplify the equation. 
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Answer ; (2x + 5X3x2) + (2x + 5)(0> + 2x + 5)(A> = 

6x3 + 23x2 + 30X + 25 
6x3 + 15x2 + (2X + 5) (A) + (2x + 5) (A) = 

6x3 + 23x2 + 30X + 25 

(2x + 5)(D) + (2x + 5) (A) = + 30X + 25 

(f) What must represent in the answer to (e)? 

Answer ; (/N) must represent 

2x 

(g) Substitute 4x for (Q) in the equation in (f) 
and simplify the equation. 

Answer ; (2x + 5)(4x) + (2x + 5) (A) ~ 8*^ 30x + 25 

8x2 + 20X + (2x + 5) (A) = 8*^ + 30X + 25 
(2x + 5) (A) = 10* + 25 

(h) What must (A) represent in the answer to (g)? 

Answer ; (.A) must represent IQx or 5, 



(i) What is the quotient of 6x3 + 23x2 + + 25 ? 

2x + 5 

Answer ; 3*2 + 4x + 5 

(4) After each new term of the quotient deter - 
mined . what is the next step ? 

Answer ; The product of this new term and the divisor 
is subtracted from the portion of the dividend remain- 
ing from the previous step. 

(5) Jfl what operation with numbers is this same 
procedure performed ? 

Answer ; In the procedure for performing long 
division of numbers. 

(6) Show Jifiw ^ procedure performing IsQg 
division numbers can be used is perform the long 
division sf polynomials . 

Answer ; 3x2 4x + 5 

2x + 5 ^6x3 + 23x^ + 30x + 25 
6x3 -f 15x2 

8x^ + 30X + 25 

8x2 + 20x 

lOx + 25 
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(7) 



irm the following divisions using tije form 



Perfo 

ill (6Tr^ 

(a) 12x3 + 11x2 - - 30 

3x + 5 

(b) -4w3 + l4%/^ - 20w •»• 16 

w - S 

(c) 88p3 + I57p2 + I42p + 63 

8p + 7 



Answers ; 

(a) 4x2 - 3x - 6 (c) llp2 + lOp + 9 

(b) -4 w 2 + 6w ~ 8 

(8) Determine the required quotient iQ each Qt lilS 
following by performing the appropriate division, if 
the given binomial is. IlSi 1 factor ^ dividend. 
Indicate In the manner shown below the remainder thfl.^ 
exists after the division has been performed. 

(a) x3+6x2+2x-4=(x+5)( )+R 

(b) -30x3-38x2- 60x-16=(6x2+10x-4) ( )+R 

(c) 6a*^+35a3+39a2-27a-28=(2a+7)( )+R 

Answers ; 

(a) (X + 5 )(x2 + X - 3) + 11 

(b) (6x2 + lox - 4)(-5x + 2) + (-100X - 8) 

(c) (2a + 7)(3a3 + 7a2 - 5a + 4) + (-56) 

(9) Answer the following . 

(a) What difficulty arises In performing the dlslvlon 

x^ + 2x3 + i4x + 1^ ? 

X + 3 

Answer ; There Is no x2 term. 

(b) How can an x2 term be Inserted Into the poly- 
nomial without changing Its value? 

Answer ; By expressing the x2 term with a zero 
coefficient 

(c) Perform the division x^ + 2x3 + i4x + 15 by 

X + 3 

first inserting x2 term with coefficient of zero 
Into the numerator. 
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Answer; 



x3 - v2 



( 10 ) 



(ID 



( 12 ) 



-•^ 3x 5 



; ~-r ’ sjA ^ ^ 

X^ + 2X^ + OX^ + l4x + 15 
X^ . ^x3 

-x^ + Ox^ + l4x + 15 
-x3 - :>x2 

3x2 + 

3x2 + gj^ 

5x + 15 

23L.* It? 

. tofpynt ihs. Iftl^pwtng divisions , first Inserting 
ternss HHh S. zero coefficient where term^re^lsslne . 

(a) 8x2 + 7 Jshy^ + 8x3 + 7x - 49 

(b) x^ •»■ 6x3 - Qi 

x^ + 13 

(c) (a** - 4a2 - 45) + (a - 3) 



Answers ; 

(a) 8x2 + X - 7 

(b) x3 - 7 



(c) a3 + 3a2 + 5a + 15 



In jperformlne the division 6x2 ■«■ 6x ■<■ in - U v3 

2x — 5 

w^ai . s . houId f.lr$t ^ done to ihe numerator to maifo the 
d.lylslon as neat ^ ^ simple as posslbl'e ? 

Answer; The terms of the numerator should first be 
arranged In descending order of exponents. 

+V.O ^ fallowing divisions, first arranging 

the t erms of the polynomials in descending order of 
exponents . *• 

(a) 222L^_2c3_:_33tL=_i2 

3 - X 

(b) (-30x + 8 + 15x3 + 19x2) (4 - 5x - 3x2) 

(c) 6x3 - x^ - 10x2 ppy It; 

5 - X 



A nswers ; 

(a) x2 + 6x - 4 

(b) -5x + 2 



(c) x3 - x2 + 5x + 3 
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UNIT TEST 



1. Subtract x2 - x + 4 from Jx2 - 3 + ^, 
Answer ; x2 - l 

2» Divide + 2 bv -k + 2. 

Answer ; 3k + 1 



3. Write ^ expression for the perimeter of ^ square whose 
side is represented ba: 3s _ 



Answer ; 6s - 36 

4. Write SQ expression for the perimeter of s square whose 
area is I6w 2 + 4gjr + 25, 

Answer ; I6w + 20 

5* Write sn expression for the perimeter and for the area of 
S rectanele whose width is 2S + it aM whoaeTength is 
3x2 + 43 c - iQ. 



Answer ; Its perimeter Is 6x2 + ^2x - 12. 

Its area Is 6x3 + 20x2 • 4x - 40. 



6. Factor completely is the set of Integers ; 3a2 - 12. 
Answer ; 3(a -<• 2)(a - 2) 



7* £flrfgr°t ilia Indicated operations sM express the result is 
standard polynomial form ; (3x 5)(x - 2) - (x - 1 ) 2 , 



AsawfiS: 2x2 + X - 11 



8. Bspesag x2 . ?x + 12 is lowest is£JBa* 
x5 - 3x 



Answer ; 



- 4 

X 



9* I£ 2 represents SD integer , find iS§ product s£ ihs next 
il 3 £S§ greater Integers. 



Answer ; x3 + 6x2 + + g 
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10. perform the Indicated operations and express the result In 
simplest form. — 



x^ + xy 



2X 3y2 



Answer; 9y3 

11. S^Prggg - k lowest terms . 

y2 + 3y - 10 

Answer ; v + 2 
y + 5 

12. h 5. fl 3^^ + - ?“**■ j| polynomial ? 

Answer ; Yes 

13 . I£ £ J. 2 . 1 yh 9 fflal contains £ j^arlable . Xs. l&S multi - 

plicative Inverse Qt the polynomial polynomial ? Why ? 

Aj2sws£: No. The Inverse will contain a variable In a 

denominator. 



1*^* Is Ills Sfluflt^tpn -22 =: (.x)2 ajj Identity ? SL S^UL flffife? 

AQSHSEs No. -x 2 means -(x2)|and Is therefore a negative 

number except when x Is zero.| (-x)2 is a positive number 

except when x Is zero. The equation Is false except when 
X Is zero* 



15 . Fasitffy completely ^ the s£]^ £f Integers ; 256x^ - 1. 
MsaSLi (I6x** + 1 )( 4 x 2 + l)(2x + l)(2x - 1 ) 
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UNIT 9t POLYNOMIAL EQUATIONS 

PART 1. BACKGROUND MATERIAL FOR TEACHERS 



9.1 INTRODUCTION 

Three conmon methods of solving polynomial equations are 
the factoring method, the method of completing the square, and 
the use of the quadratic formula. Completing the square Is an 
application of the factoring method, and the derivation of the 
quadratic formula Involves completing the square. Therefore, 
all three of these methods of solving polynomial equations are 
based on the process of factoring. It is essential that the 
pupils have mastered the concepts of factoring before attempting 
the work In this unit. 

The concepts In this unit pertain almost entirely to the 
solving of quadratic equations. However, some of the concepts 
are applicable to equations of higher degree than quadratic 
equations. For example, the concept of solving quadratic equa- 
tions by the factoring method is applicable to the solution of 
a polynomial equation of degree three that can be factored into 
three first degree factors. The equation + x = 0 can be 

solved by first performing the factorization (xHx + l)(x + 1) 

- 0. Because the questions and activities contain p few equa- 
tions of degree higher than the second, this unit has been 
entitled "Polynomial Equations" rather than "Quadratic Equat- 
tlons." However, this does not mean that the unit contains an 
extensive discussion of the solution of equations of higher 
degree than quadratic equations, nor that the unit contains a 
development of the concepts Involved in the solution of such 
equations . 



9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING 

The concept of solving a polynomial equation by factoring 
is based on the principle that the equation = 0 if 

(CD = 0 or if (^) = 0. The equation is true If Xn) = 0, 
regardless of what number (^) represents, and it is true if 

= 0, regardless of what number (I I) represents. The pro- 
duct any number and zero is zero. The roots of the equation 
(□)(i^) = 0 are determined by solving each of the equations 
(CD = 0 and = 0. The union of the solution sets of these 
equations forms the solution set of the given equation. If the 
left member of an equation Is a polynomial and thq right member 
is zero, and if the polynomial can be factored Into two or more 
first degree factors, the equation can be solved In the manner 
described. 

The first type of polynomial equation to be solved by 
factoring Is the quadratic equation. A quadratic equation In 
standard form is one in the form ax^ + bx + c = 0, where a, b, 
and c are real numbers and a / 0. It is Important to emphasize 

that an equation of the type 6x^ - 3^ ~ 6 - 0 which Involves 
subtraction must first be written as the equivalent equation 




! 

i 
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involving only addition. That is, only if the equation is 
expressed as 6x^ + (-3)x + (-6) = 0 is it in the standard form 
of a quadratic equation. The importance of this arises later 
in the section pertaining to the use of the quadratic formula 
which Involves the coefficients of the x term and the constant 
term. The coefficient of x is -3 and the constant term is -6. 

If Sir - 3x - 6 ~ 0 were considered to be in the standard form 
of a quadratic equation, the pupils would be Justified in 
assuming that the coefficient of x is 3 and the constant term 
is 6. The quadratic formula would then have to be modified 
before it could be used for solving such equations. For this 
reason, it is Important to make it clear to the pupils that the 
standard form of a quadratic equation does not Involve sub- 
traction. An equation involving subtraction must be replaced 
by its equivalent form involving only addition. 



Any quadratic equation that can be factored into the form 
(0)(Z^) = 0 where tj and ^ each Involves the placeholder, can 
be solved by the factoring method. Each factor is written equal 
to zero, and the union of the solution sets of both of these 
supplementary equations forms the solution set of the original 

equation. For example, x^ 7x 12 = 0 

(x + 4)(x + 3) =0 
x+4=0 x+3=0 

X = -4 X = -3 

£-•*. -3) 

The eauatlon must be written in standard quadratic form before 
the factoring is performed. The equation x^ 4x = 12 should 

first be replaced by the equivalent equation x^ 4x (-12) = 0 
before factoring the left member of the equation. 



If the coefficient of the x term in the quadratic equation 
ax^ bx c ~ 0 is zero and the constant term is negative, 

there is a second method that may be used for solving aquad- 

ratlc equation. If A = 0» then (x + /S)(x - /2) = 0 

and X = - fZt X = A . Thus in t he s econd method if 

x^ - s 0 then x^ = and x = + A . If x^ - 7 =* 0, then 
x^ = 7 and x = + fY . This development may be carried one step 
further in applying the alternate principle that if - A = a 

then = A and □ = + • We may let Q represent a 

binomial. If Q represents x + ^ and ^ represents 36, then 

(X + 5)^ = 36 
X + 5 = + \fJS 
x + 5- 6 x + 5 = -6 

X * 1 X = “11 

{ 1 . - 11 } 



A quadratic equation of the type - A ~ 0 may be solved 
by either the factoring method or the square root method Just 
described, which is an application of the factoring method. It 
probably is best for the pupils to have experience In the iise 
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of both methods and to be given free choice in the use of either 
method in solving equations of this type* The factoring meth(^ 
of solving quadratic equations may be applied to solving 
polynomial equations of higher degree than quadratic if the 
pupils are able to factor the alven polynomial Into first degree 
factors* 

The equation (Q)(^)(0) “ 0 is true when D ~ 0» when 
^ - Oy or when O “ 0, regardless of what numbers the other 
two factors represent* Such an equation may be solved by 
writing each factor equal to aero and solving each of the three 
resulting equations* The union of the three resulting solution 
sgts forms the solution set of the given equation* The equation 

X + 5x + 6x = 0 may be solved in this manner* The left member 
«f the equation may be factored into (x)(x + 3)(x + 2)* 

If x^ + 5x^ + 6x * 0, then (x)(x + 3)(x + 2) = 0* This is true 
if X 0, or X + 3 = 0, or X + 2 * 0 

X -3 X = -2 

The solution set is {O, -2, -3}* 

The questions and activities in unit 8 did not contain 
exercises requiring factoring polynomials whose factors con- 
tained Irrational numbers* The equation ^ = 0 may be 

solv ed, as just explained, by writing the eq uati on in equivalent 
form Cr * A* the roots of which are □ = f7\ and □ = - 
However, in the set of real numbers this quadratic equation may 
also be solved by factoring, and the factors may contain 
Irrational numbers* Such factoring is quite simple, and this 
affords an excellent opportunity for the pupils to gain experi- 
ence in the use of such Irrational factors* Thus, if I | 2 - A 
= 0, then (□ + ^)(D - iffi) = 0 

□ + 0 □ - /a = 0 

□ = - /A' □ = /S’ 

The solution set is { lf7\. - I/A}. 



9*3 COMPLETING THE SQUARE 

Solving a quadratic equation by completing the square Is 
an appli cati on of the principle that if then 

□ “ Jt /ZS" where Q represents a binomial and ^ is a positive 
constant* The equation (x - 4)^ = 2 may be solved as follows: 

(x - 4)2 * 2 
X - 4 a + \/2 

x - 4 a V 2 X - 4 a - \/2 

X a 4 + ^2 X * 4 - \f2 

The solution set is {4 + \/2 , 4 - \/2 J* 
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method is used when the left member of the eauation 

hn+h^mo^S****** 2^*? ^i^omial or when some number can be added to 
both members of the equation to make the left member of thJ 
resulting equivalent equation the square of a binomial. The 
left member of the equation equivalent to + 8x + 10 = 0 will 

bo the square of the binomial (x + 4) if 6 is added to hoth 
members of the given equation. ' ^ auued to both 

+ 8x + 10 = 



x^ + 



8x + 16 
+ 4)2 
X + 4 



(x 



+ 4 = /? 

X = -4 + fe 



The solution set is {-4 + j/T" , -4 - 



0 
6 

6 

i fT 
X + 4 = - fe 
X = -4 - /T 



♦K- method of solving a quadratic equation by completine 
the square has the advantage that it can be used to solve eSSa- 
tions which Cannot be solved by the first factoring described 

a much easier and faster method than use of* 
Of formula which la described In the next sectlonf 

®PP^}®®tion is limited to those quadratics in 

of J k ^®P^®®®^ o«e which is a square 

adding the same number to each side of the 
/i^*®**® ?**® ^^stances in which completing the scuare 
can be used to solve a quadratic equation by subtraetina tho 
same number from each side of the equation. However this must 

rj*** ““«<»>»» »!«» the nuSber « the Juht’swi o" 

th® eqtMtlon does not become a negative number. If | — 1 2 = /v 

!lSSf«4 ^2u® «®f®*ive number, then Q cannot repre^nt a 
number in the set of real numbers, as^the square of aSr rLl 
number is non-negative. One important reason for studying the 

in%hf completing the square is that it is used 

in the derivation of the quadratic formula. 



9.4 THE QUADRATIC FORMULA 

sm«.,o+T?® quadratic formula may be used to solve any cuadratic 
equation. The derivation of this formula is as follows: 

-2 



(1) ax^ + bx + c = 0 



(2) ,2 + i* + £ = 

a a 



(3) ,2 ^ £x ^ £ 



This is the standard form of a 
quadratic equation. 

Each member of the original 
equation is divided by a, 
yielding an equivalent equa- 
tion in which the coefficient 
of the x2 term is unity. 

. £ is added to both sides of 
a 

the previous equation. 
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(8) 



H resulting equivalent equation 

s to be the square of a binomial, ^ must be two times 

binomial. The constant term 
of the binomial must be and the constant term in the 

2a 

square of such a binomial would be b?. 

Ji£ is added to both sides of 

4a2 

the previous equation to yield 
an equivalent equation in which 
the left member is a perfect 
square; this is called com- 
pleting the square. 

The left side of the equation 
is expressed as a square of a 
binomial. The terms on the 
right side are combined under 
the operation subtraction. 

This is the application of the 
principle that if q2 = 

then a = i /A . 

l2 is added to both sides of 

2a 

the previous equation, and the 
right side is simplified by 
applying the principle 

,/a" . £T 

Both terms on the right side 
of the equations are combined 
under the operations of 
addition and subtraction. 



(4) 


x2 + S* 










4a^ 


4.2 


(5) 




II 

CM 


• 4ac 




\ 2a/ 


4a 


,2 


(6) 




1 ,1^ 


- 4ac 




2a 


H 4a2 


(7) 


, 6 

* 2a 


_+ \Tb^ - 4ae 
2a 



X = 



2a 



b^ - 4ac 



X = 



“b - / b^ - 4ac 

5a 



4 . Z above is actually the combination of several steps 
that have been c ombined f or the sake of simplicity. This step 

implies that + Jh^ - 4ac is equal to + l/b2 » Uae which in 

I' ^ 

turn is equal to + )Lh^ - 4ac . One point needs to be made 

2a 

clear. We know that = |/1T = 2 = 2\a\ . However, 

in this case, we may use the denominator 2a since, whether a is 
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positive or negative, ± 2|a| = ± 2a, in some order. Thus the 
two fractions in step 7 are written with the same denominator 
and are combined in step 8. 



Below is an example of how the quadratic formula may be 
used to solve the equation -4x^ - 2x + 3 = 0. 

-4x^ + (-2)x +3=0 a = -4, b = -2, c = 3 

■(■2) ± /(-2)^ - (4) (-4) (3) 

* = 2(-4) 

2 + / 4 + 48 

* 

2 + 

X = "T5 



X 



2+2 /l3 



This last expression may be simplified by factoring the numer- 
ator by application of the distributive principle and then 
reducing to lowest terms by application of the cancellation law. 

2(1 + /l3) 

* 2Pn 

1 ,t. /Ts 1± ^ 



The 



solution set is 





1 







b^ - 4ac in the expression -b + / b^ - 4ac is called 

2a 

Che discriminant. An examination of the discriminant of a 
quadratic equation furnishes much information as to the nature 
of the roots of the equation. There is no real number x such 

that x^ = -3. The square of a ny r eal number ^ non-negative. 

The roots of x^ a -3 are x = ^-3 and x = - ^-3. Therefore, 

+ |p3 cannot be real numbers. The square root of any negative 
number cannot be a real n umber. Therefore, If b^ - 4ac is 
negative, then /b^-4ac is not a real number and -b +yb^-4ah 



2a 

cannot be a real number. If the discriminant of a quadratic 
equation is negative, the equation has no real roots. 
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If b‘ 



Now, b and 

Therefore, 
the equati 

- ^ • 

2a 



- 4ac la zero, then -b + / b^ - 4ac becomes 

2a 

a are real numbers so „ ^ Is a real number. 

If the discriminant of a quadratic equation Is zero, 
on has only one root and that root is the real number 




If b - 4ac Is positive, then both roots -b 

X - — 



_ "b - j/b^ - 4ac are real numbers because the 
2a 

root ot t posltlvo roal nunbar la a raal nuntbar* 



+ / b^-4ac 


square 



If b^ - 4ac Is the square of an Integer k, then -b + jfl? 



will equal -b l k . If a, b, and c are rational and If 
2a 

X * -b + k then the roots of the quadratic equation will be 

■“IT” 

rational numbers. All the exercises In the questions and 
activities Involve quadratic equations whose coefficients and 
are rational numbers. However, the teacher may 
wish to bring up for class discussion the topic of equations 
containing Irrationals. ^ 



When both sides of an equation are multiplied by a variable, 
or when both sides of an equation are squared, the resulting 
equation may not have the same solution set as the original 
equation^ that Is, It Is not an equivalent equation. The 
solution set of x - 3 = 10 Is {13}« If both sides of the equa- 
tion are multiplied by x, the equation x^ - 3x * lOx results. 

The solution set of this equation Is {O, 13]. If, in solving 
an equation, both sides of the equation are multiplied by a 
variable, each element in the solution set of the resulting 
equation must be substituted for the variable In the original 
equation to determine which of these elements Is In the solution 
set of the original equation. The solution set of the resulting 
equation usually has more elements than the solution set of the 
original equation. The additional numbers which have been 
Involved as ostensible roots of the original equation are often 
referred to as extraneous roots. 

This same caution applies when both sides of an equation 
have been squared. The equation x + 5 * 8 has only one root. 
However, if both members are squared, the resulting equation, 

X + lOx + 25 = 64, has two roots, only one of which Is an 
element of the solution set of the original equation. Again, 
these are not equivalent equations. ^ 
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Care must be taken in solving an equation of the type 
= y^. If » y^, you cannot conclude that x = y. For 
example, (-3)^ * 3^» but it is not true that -3 = 3» 



If x^ = y2, then x * + Therefore, if x^ = y^ then 

X = + I y| which is equivalent to s&/ing x = + y. If x^ * y^ it 
can be concluded that x = + y, yet it cannot be concluded that 
X = y and it cannot be concluded that x = -y. This is a very 
fine point and a cause of some serious confusion. The key to 
clearing up this confusion is the word x = y means that 

X equals y that x equals -y. In this Instance the word j2C 
means that it is possible that x equals y; it is possible that 
X equals -y; it is possible that x is equal to both y and -y. 

It does not mean that x does equa^ y; it does not mean that 
X does equal -y; it does not mean that x equals both y and -y. 

If the square root of each side of an equation is taken when 
solving an equation, it is very Important to understand what 
conclusion can and what conclusions cannot be reached concerning 
the results of such an operation. 



9.5 VQIBAL PROBLEMS 

This section consists of solving verbal problems by the use 
of quadratic equations. It is Important for the pupils to 
realize that the solution set of the quadratic equation used 
in solving a verbal problem may contain elements which do not 
meet the requirements of the problem. The problem may contain 
stated or implied restrictions. Below are some examples of 
verbal problems that contain such restrictions. 

(1) ^ product Qt 3 greater than a given 

greater ^an twice thaFTnteger i 
Iwermine given integer . 

This problem contains the stated restriction that the number 
must be an Integer. Vfhen the problem is solved by use of the 
equation (x + 3)(2x + 1) = 25, it is found that the solution 
set of the equation is / il, 2). The number 11 is a root of 

C 2 y ”2 

the equation but it does not meet the requirements of the 
problem because it is not an Integer, and must therefore be 
discarded as a solution to the problem. 

(2) 2&e length of a rectangle 4 more than twice the 
width . The area Is 48 square inches . Find the 
length arid the width . 

This problem contains the implied res"'lctlon that the measure 
of i dimension cannot be expressed as a negative number. A 
rectangle cannot have a width or length that is negative. The 
problem may be solved by use of the equation (x)(2x + 4) = 48. 
The roots of this equation are -6 and 4. The root -6 must be 
discarded because the width cannot be negative. 

These two problems Illustrate the Importance of determining 
whether each of the roots of the quadratic equation used to 
solve the problem meets the stated or implied restrictions 
contained in the problem. 
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Almost all the verbal problems in this unit have one or 
two answers. However, pupils may find it interesting and 
challenging to solve problems whose solution set is the null 
set or whose solution set is an infinite set. Below are two 
problems, the solution set of the first being the null set and 
the solution set of the second being an infinite set. 



(3) Hlfi ,M,yar? <2£ A number 1 a aqual IbS square si 
fiOS OfiiCA jelllll number decreased JjZ twice the 
Ihi QMtSL» £IM number. 



If the problem is solved by use of the equation = (x+l)?-2x 
then 0=1. This is an Internally inconsistent equation so 

therefore the equation x^ = (x + i)2 . 2x must be an internally 
inconsistent equation and the solution set is the null set. 
There is no number that can meet the requirements of the 



problem. 

(4) 



ElM three consecutive integers such that thq square 
fit jJlS imBhfiC JLs ene less than half the sum 



fil tbs squares the other two numbers 
This problem may be solved as follows: 



(x + 1)2 + 1 = x2 (Tt + 2^2 

2 

x2 + 2x+1+1 = x2 3c2 U 

2 

x2 + 2x + 2 « x2 + 2x + 2 



This equation is an identity; therefore, its solution set is 
the set of all real numbers. The problem contains the restric- 
tion that the answer must be an Integer so the answer to the 
problem is the set of all Integers. 



The topic. of solution of quadratic inequalities is not 
Introduced until unit 10. The solution of such inequalities 
is based on the same factoring method used in this unit for 
solving quadratic equations. 



Teacher Notes 



UNIT 9: POLYNOMIAL EQUATIONS 

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 



9.1 INTRODUCTION 

The major purpose of the questions and activities in this 
unit is to develop the concepts underlying the various methods 
that may bo used to solve quadratic equations, and to give the 
pupils experience in solving verbal problems leading to quad- 
ratic equations* The questions and activities should be con- 
sidered only as a guide to illustrate to the teacher how such 
concepts can be developed by a systematic series of questions^ 
and as a guide to illustrate what types of problems the pupils 
should be able to solve after mastering each concept, supple- 
mental exercises for classroom drill, homework assignments, and 
testing may be obtained from available texts or developed by 
the teacher. The topics of graphing quadratic equations and 
quadratic inequalities are both introduced in a later unit. 

This unit does not contain a unit test* The last section on 
verbal problems serves as a good instrument to determine now 
well the pupils have mastered the concepts developed in the 
unit* 



9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING 

(I) Solve each of the following problftitta* 

(a) What number substituted for k in the equation 
(k)U) = 0 will make the equation true, regard- 
less of what number m represents? 

Answer ; Zero 

(b) What number substituted for m in the equation 
(k)U) = 0 will make the equation true, regard- 
less of what number k represents? 

Answer ; Zero 

(c) What number substituted for the first factor in 

the equation (x + □) (x + - 0 will make the 

equation true, regardless of what number the 
second factor represents? 

Answer ; Zero 

(d) What number substituted for the second factor in 
the equation (x + C])(x + A) = 0 will make the 
equation true, regardless of what number the 
first factor represents? 

Answer ; Zero 

(e) Under what two conditions is the equation 
(x + 4)(x - 6) =0 definitely true? 
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( 2 ) 



(3) 



(4) 



(5) 



0*5; |«^aj«nlt.ly tpu. wh.n 

iV5*=*g““S«V '*1^- 7, ^L‘ ® .** ‘'•“ ’*•“ 

»ust * P.pr.s«t%o 

Aflgw^rs X = -4 or X = 6 

*" * “» “’““o'-. *» 

Answer 8 Yes 

•<■ fe e,„.tlon, 1, 

Answer s Yes 

«ch®Fict55%;sirt5”o’Md';5i;i„;®5s'^”*^,f? 
m J*w ° ® <* - 3>f* - w = 0 

Cb) (x)(» + 4) = o (d) (-X + 8H-* - 3) = 0 

Answers : 

(a) 9, -9 (b) 0, -4 (c) 3, n (d) 8, -3 

^ 3 ^ - llS + iO = 0 be 

2£l3:£d, a pply i ng ihs jrlnelnlps Jji8t develon^ ? 

SJM? r^-orlUtl 



(a) x2 + lox + 16 s 0 


(c) w^ - I6w + 48 = 0 


(b) a2 - 9 a - 36 = 0 


(d) *2 . 25 = 0 


Answers! 




(a) -8, -2 (b) 12, -3 


(c) 12, 4 (d) 5, 
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(6) 






What must done to the equation + l^x * -56 
toiler, ? to aelYto to Jto factoring method ? 

Answer : The equation must first be replaced by the 

equivalent equation having the form + 15x + 56 * 0 
before it can be solved by factoring. 

(7) Solve each ^f the following using tne factoring 

method, first replacing ^ equation to £fi equivalent 
equation In correct form . 

(a) x^ * - lOx - 21 (d) x^ + 4x - 16 * 4x 

(b) -0.9x = -0.2 - x2 (e) x^ = 121 

(c) x^ + 19 s 10 - lOx 



( 8 ) equation 2 ^ = £ toe 2 * 

Ajujito* X = 1 Vy 

(9) l 2 factoring necessary to solve toS equation 

= 121 ? 

Answer : No. If x^ = 121, then x * + /l21 or 

X * + 11. 

(10) Solve each si£ jfche following by applying the 
tolP9lPlo toil 1 £ 2 ^ It then £ ^ + fx • 

(a) x^ - 86 = 14 (b) x^ + 19 = 68 (c) 49 - j^s48 

Answers: (a) 10, -10 (b) 7, -7 (c) 1, -1 

( 11 ) Solve each of the following, applying the seme 
principle as to (toTT 

(a) x 2 - 3 = 0 (b) x 2 = 17 (q) x^ + 17 = 22 



Answers: 

(a) fj, -fT (b) ifWt - 1/W (c) IT, - fT 

( 12 ) SsH JSiQ SB equation to Ito fom (2 "*■ 5 )^ ~ to 

a.ftlvgj to tos factoring method? 



Answer s 

nomlal, 



The left member is first written as a poly- 
Then 36 is subtracted from each side of the 



equation. The resulting equivalent equation can then 
be solved by the factoring method. 



(13) Show toH tos equation (x + 5)^ = 36 can to solved 

toto£ tos Method lust Illustrated . 
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Answer ; (x + 5)^ = 36 

+ lox + 25 = 36 
x^ + lOx • 11 » 0 
(X + ll)(x - 1) = 0 

x+ll=0 x-l=0 

X = -11 X = 1 

The solution set is {-11» !]• 

Check: (-11 + 5)^ = 36, true; (1 + 5)^ = 36, true, 

(14) Solve each of tlje following , 

(a) (X - 7)2 = 36 (c) (k -"1)^ = 1 

(b) (w + 0,2)2 _ 0,25 (d) (X + 2)2 = 9 

Answers; 

(a) 13 , 1 (b) 0 , 3 , -0,7 (c) I, -1 (d) 1, -5 

( 15) (a) ■ Solve ^ equation - Z £SL 

Answer ; - t (T 

(b) IQ iiiS. equation rep^^c.^ 4. £11)3 

Z 5 . and replace z with 16. Solve Jl^ r?§ttltl.Q£ 
equation. 

Answer t (x + 5)2 = 16 

X + 5 = ± ^ 

X + 5 = + 4 

x + 5 = 4 x + 5=-4 
X = -1 X = -9 

The solution set is {-1, -9]» 

Check: (-1 + 5)^ = 16, true; (-9 + 5)^ = 16, true. 



(16) Solve each of the following , applying IhS 

principle that, II ^2 = then A = i fF • 
(a) (k + 9)2 = 144 (c) (w - 11)2 _ ^ 

i2 otf (d) (X + 0.1)2 _ Q o4 



(b) 



Answers ; (a) 3, -21 (b) ^ (c) 12, 10 

(d) 0.1, -0.3 



i juj M W Wiwi wr 



(17) Can the equation + IJs + 18 *= 0 Jig ? 9 , l v e ^ 

^ factoring method ? 

Answer : Yes. 2x2 + ijx + 18 0 

( 2 x + 3 )(x + 6 ) = 0 
2 x+ 3=0 x+ 6=0 

X = - I * ' -6 

The solution set Is { «. 3, - 6 ]. 

2 

Check: 2 (- 3)^ + 15 (- 3) + 18 = 0, true. 

2 2 

2 (- 6 )^ + 15 (- 6 ) + 18 = 0 , true. 



(18) Solve each fil ills following. SllIlS illS Xssi^lD£ 

fflsilisSt 

(a) 3 x 2 - 2 x - 1 = 0 (c) 4x2- 7x + 3 = 0 

(b) 5*^ + I8x = -3 

Answers : (a) 1, « i 0>) -3» ^ 1* ^ 



(19) 



Answer ihg following. 

(a) Is the equation (□)(/!ik)(^) " ® true when 
(O) " regardless of what the other two 
factors represent? 

(b) Is the equation true when (A) * 0, regardless 
of what the other two factors represent? 

(c) Is the equation true when (O) *= 0, regardless 
of what the other two factors represent? 

Answers : (a) Yes (b) Yes (c) Yes 



Dascrlbe how n polvnomla_l 
form TQmS) (^ = 0 csn ^ SSJ^* 

insver : Each of the three factors 1 » written equal 

;o zero. The union of the three solution sets Is 
;he solution set of the original equation. 

!e) Show how the equation x3 + 5 j 2 + ^ gsn 

be solved by factoring . 



Answer : x3 + 5x^ + 6x^=0 

(x)(x2 + 5x + 6) = 0 
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(x)(x + 3 )(x 2 ) = 0 

x «0 x+ 3=0 x+ 2*0 

X = -3 * = -2 

The solution set is {O, -3» -21- 
Check* 0^ + 5 (0)^ + 6 (0) =0, true. 

(- 3 )^ + 5 (- 3 )^ ^ 6 (- 3 ) = 0 ,true. 

(-2)3 + 5 (-2)2 + 6 (-2) = Ojtrue. 

(20) Solee each st following ]2X lUlfiC %3^ Ii££S£ 

uethoa . 

(a) y3 + lQy 2 s - 21 y (c) 2 y** + 10y3 + 12y2 = 0 

(b) x3 - X = 0 (d) (3 x3-6x2+x)-(-x2+3x)*0 

Answers ; (a) 0, -3» -7 C'*) 0* 

(c) 0 , - 2 , -3 (d) 0 , « 1 , 2 

(21) Solee each ££ following* iPPlylflg JUIlS 

principle that Q 2 = S “ i • 

(a) (s - 2)2 = 7 (c) (k - 6)2 * 5 

(b) (x + |)2 = 2 (d) (y + 0 . 2)2 - 3 

Answers * 

(a) 2 * fF , 2 -fF (b) / 2 ",-|- (2 

(c) 6 + f 5 , 6 - /? (d) - 0.2 + ifT , - 0.2 - {l 



9.3 



;OHPLETING THE SQUARE 

[1) inawfii ito XfillsalnE- 

(a) The polynomial x2 - 8x + 16 Is the square of what 
binomial? 



Answec* 



It l!5 the square of x - 4. 



(b) 



How can the quadratic equation x2 - ^ " 2 

be solved by applying the principle that ir 

q 2 r k, then □ *= ± Ifk ? 

• t 



l 
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( 2 ) 



Answer : The equation may be Witten in the form: 

(x - 4)2 s 2 
(X - 4) = 1 f2 

X - 4 = f2 X - 4 = - {2 

X ~ h + (2 X ~ h - (2 

The solution set Is {4 + f2 , 4 - Jf2 

Solve each si ^ following. aMtolRg Sh& 

In (IJ above . 

(a) y2 - 6x + 9 * 3 (c) a2 + I8a + 81 * 7 



(b) w2 - 2w + 1 * 5 



(d) 






* 11 



Answers : 

(a) 3 + (TT » 3 - |fl (c) -9 + K7 , -9 - |I7 

(b) 1 + if? , 1 - (d) - I + jfu, . ^ . fuT 



(3) Answer £bS following. 

(a) Is the polynomial x2 8x 10 the square of a 
binomial %diose constant term is an Integer? 

Answer : No. The constant term must be 16 if the 

first two terms are x^ 8x. 

(b) What number could be added to both sides of the 

equation x^ -«■ 8x 10 = 0 that would make the 
left side of the resulting equivalent equation 
the square of a binomial whose constant term is 
an Integer? 

Answer : If 6 is added to both sides of the equation, 

the resulting equivalent equation is x2 -t- 8x -t- 16 > 6. 
This can be written as (x 4)^ s 6. 

(c) Solving an equation by first adding some number 
to both sides of the equation so that the left 
side of the resulting equivalent equation is the 
square of a binomial is called completing the 

square. Show how the equation x^ 4x I = 0 
may be solved by this method of completing the 
square. 



iOUiSt 



X* + 4x + I 



c2 

x2 + 4x + 4 

(X + 2)2 
X + 2 



0 

3 

I fT 
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* + 2 = 1^ 

* ' -2 + fi 



X* 2^ -fj 

■ ' * = -2 - iTT 

The solution set is {-2 + ^ «2 - } 



at Aj ^Usamg to iiM flt Hig attlt 

(a) + IQ + le - n .5 



^ li mmmmub «KKBSj 

(a) + 10* + 15 - Q 

(b) a2 + 2e - 2 = 0 



(c) - 8k ' 1 

(d) *2 .12* + 18 s 0 

Answers » 

(«) -5 + Iflo, -5 . |/Io (c) 4 + /F , 4 - fi? 
-I* /I, -1-/3 «, 6.3 /f’. 6-3F 

9.4 THE QUADRATIC FORMULA 

degree, is called a »«<>■ 

^ ^ * aaimis 

■ of^Lc^d dl^::.'^ **'• •«“«<» 1« not 

“^2® **® *SS1 UMbon BroTld.^ 

*“ —*^42 ■*‘i2"*'£ = 0£ guadratlfi eoagt jnn i 



(2) 



p8SS5ii.i*?f .«Sid*dS*;i;'“'i2£ i» • 

consfnt t.« in . pol,fo»lil brJ^ISl-nSb., 
AnsssL Ills following. 

(a) «y be performed on the equation 

x2 tariB In th” ° the coefficient of tha 

unity? 

1^^^*The**r!!«I!i??* **** aquation may be divided 

oy a. The resulting equivalent aquation 

* + Jl* + S * 0. 

• a 











AaUJgrs . £ may be added to both sides of the 

equation. The resulting equivalent equation is 

* lat = — £ • 
a a 

equation Is to be solved for x bv the 
of^thft Jf completing the square, the left side 
what^^form?**^*^”^ equivalent equation mast be In 



^2^*of’^S%lnOTlJl^® ***• equation must be th« 

ff T A» the left side of the equation, 

the*S«?ffJ!!® * binomial, what must be 

the relationship between i and the constant term 

of the binomial? * 

ilUSSE) i must be equel to twice the constant term 
Of the binomial. 

(e) What must be the constant term of the binomial? 
Answer s 

2a 

(f) If the square of the binomial Is x^ + ^ 

and the binomial Is x + ^, what must 2^ 



represent? 
2 



Answers ^ 

4a^ 

(g) Ifeat operation must be performed on the equation 

+ to = - £ so that the left side of the 

resulting equivalent equation Is the sauare of . 
binomial? Write the resulting equatllS? ® 

4^ ®“* *’• th. equs- 

tlon. The resulting equation Is + jpc 

4.2 »• 

equivalent form, com- 

slngll Jwm!’"® ***® ®^^® a 
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,1 I® + jj, + ^ 1>^ -.Hm 

a 4a2 4a^ 



mm. 



(i) Solve the above equation by the principle that 
if s z» then y = + • 



(* * iS)* * 



- 4ac 



, = __i!l itag 

* 2a 2a 

_ b + /b^ - 4ac 
' 2a 



X = 



(q) Answer the following* 

Ca) This last equation in (1) above is called the 
^ ^ quadratic formula and it may be used to solve 

any quadratic equation. In solving the equatxon 

2 x 2 + i2x + 6 *= 0 by the use of this formula, 
the letters a, b, and c in the formula will 
represent what numbers? 

Answer t a-2, b“ 12, c“6 

(b) Solve the equation 2x^ + 12 x + 6 = 0 by use of 
this formula. 

inasE, - 121 ifwTTwg . 

X - 4 4 

-12 i 4 /6 

5 

(c) By the application of what principles can the 

expression -12 + reduced to lowest terms? 

4 

Answer: The numerator can be factored by the sPPll" 

cation of the distributive law, and then the expres- 
sion can be reduced to lowest terms by the appli- 
cation of the cancellation law. 

-12 + 4/6 _ ^(-3 ± ) 

4 * 4 

. -3± /6 
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( 4 ) 



Solve each ££ following . 

(a) In solving the equation - 2x + 3 = 0, how 

must this equation be rewritten In order to be 
In the standard form of a quadratic equation? 

Answer : It must be written In the form 

(-4)x^ + (-2)x +3=0. A quadratic equation contains 

a polynomial which Is a sum of terms. 

(b) In solving the equation In (a) by the use of the 
quadratic formula) what numbers would the letters 
S) b) and c in the formula represent? 

Answer : a = -4, b = -2, c = 3 

(c) Solve the equation In (a) above by use of the 
quadratic formula . 

Answer : 2 + |f 4 - (-48) 2 + \f^ 

X = 15 IS 

2 + 2 |fl3 
= 15 — 

2(1+ /l3) 

= — T5 . , 

I + /i3 
= 

-1 + /l3 
= — 4 



(5) Solve each jttje following ^ applying iJie 

quadratic formula . 

(a) 3*^ - 5* - 9 = 0 (c) -8x - 2 * 5*^ 

(b) 2(3 + X) = -3 x(2 - X) 

Answers : (a) 5 + /l33 (b) 4 + /Jf (c) -4 + /6 

5 —1 ~5 



Concept : 

( 6 ) 

(a) 



Use of discriminant. 

Answer the following . 

The expres sion b^ - 4ac In the quadratic formula 
X = -b + l^b^ - 4ac Is called the discriminant. 
2a 

What restriction must be placed on the value of 

the discriminant If -b + |(b^ - 4ac Is to repre- 

Za 

a real number? 
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(7) 



Answer: - 4ac must be non-negative. 

laS'SS 

The roots of the equation ere not reel 

(c) If b^ - 4ac is equal to zero, what will th« 
quadratic formula simplify to? 

AOSaSLi If b2 - 4ac is zero, then the quadratic 

formula becomes 3 c * — ^ 

2a* 

(d) Does _ b represent a real number? 

2a 

Ansstsc: Yes, because b and a are real numbers. 

flwe?l a’?!” nSSbe?V “ 

Answer: Yes 

It describe the nature of 

the roots of ax^ + bx + c = 0« 

AnfiVLSc: The roots will be real numbers. 

(g) Summarize the description of the roots of the 

iHegau;^, :hS por???ve^^l^5S^r?rL 

nant Is positive J^?e “ ‘**e dlscrlml- 

(s) - 6y + 3 = 0 (C) 17*2 + 5X + 10 = 0 



(b) 



- 2x - 5 s 0 



Answers : 

(a) The discriminant is zero. The eauai-irm k«» 

root and It Is a real nuiber. ®’“®‘‘®'‘ has one 



262 



(b) The discriminant is positive. The equation has 
two roots and they are real numbers. 

(c) The discriminant is negative. The equation has 
no real root. 

Concept! Extraneous roots. 

(8) hnsmSL following . 

(a) State the multiplication axiom of algebra as 
used in solving algebraic equations. 



: If both sides of an equation are multiplied 

by the same number, except zero, the given and result- 
ing equations are equivalent, that is, the solution 
set of the resulting equation is identical to the 
solution set of the original equation. 

(b) Vfhat is the solution set of the equation 3x = I3? 

Answer: (n\ 



(c) When both sides of the equation 3* * 13 are 

multiplied by x, what is the resulting equation? 

Answer : 3x^ = 13X 



(d) Compare the solution set of this equation with 
the solution set of the original equation. 



Answer : 



The solution set of the original equation is 
Th0 solution sot of the second equation Is 




(e) When both sides of an equation are multiplied by 
a variable, are the given and resulting equations 
equivalent, that is, is the solution set of the 
resulting equation identical to the solution set 
of the original equation? 

Answer : No 

(9) Answer the following . 

(a) What is the solution set of the equation 
X - 3 = 10? 

Answer : {I3} 

(b) What is the solution set of the equation 
X - 3 = -10? 

f 

Answer : {-7} 
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(c) Square both sides of the equation x « 3 “ ^0 
determine the solution set of the resulting 
equation. 

Answer : (x - 3)^ ® 100 

X - 3 = + ifioo 
X = 3 ± 10 

The solution set is {13, -7}. 

(d) Are both elements In the solution set of 
(x - 3)^ = 100 also in the solution set of 

X - 3 = 10? 

Answer ; No. -7 is not in the solution set of 

X - 3 = 10. 

(e) When both sides of an equation are multiplied by 
a variable or when both sides are squared, the 
original and resulting equations are not equiva- 
lent, that is, the solution set of the resulting 
equation contains an element (or elements) that 
is not in the solution set of the oiiginal equa- 
tion. This element is of tan called an extraneous 
root of the original equation, but it is in no 
sense a root of the original equation; it is only 
an ostensible root, a number that seems to be a 
root because the equations are assumed to be 
equivalent when they are not. Solve the equation 

/ X + 20 = X by squaring both sides. Determine 
whether or not the solution set of the resulting 
equation contains an extraneous root of the 
original equation. 

Answer : x + 20 = x^ 

x2 - X - 20 = 0 

Apparent solution set is {5, 

The root x = -4 is an extraneous root because it does 

not check in the original equation. 

The solution set is {5}. 

(10) Answer the following . 

(a) Is the statement "If x = y, then x2 = y2»» always 
a true statement? 

Answer : Yes. If x = y, then x may be substituted for 

y in the equation x^ = y2 and the equation x^ = x^ 

results. This resulting equation is an identity so 

the equation x^ = y2 must always be true when x * y. 
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(b) Is the statement "If x = -y, then = y2» 
always a true statement? 

Answer ; Yes. If x = -y, then -y may be substituted 
for X in the equation x^ = y^ and the equation 
(_y)2 = y2 results* This last equation is an identity. 
Therefore, x^ * y^ is an Identity when x = -y. 



(c) Determine whether or not the statement 

"If x^ = y2 then x = y" is always true by sub- 
stituting -3 for X and 3 for y. 

Answer ; If x = -3, and y = 3» (-3)^ = 3^ is true; 
but -3 = 3 is false. Therefore, the statement is not 
always true. 



(d) Determine whether or not the statement 

"If x^ « y2, then x = -y" is always true by sub 
stltutlng 3 I'or x and 3 for y. 

Answer ; If x = 3 and y = 3, 3^ = 3^ is true; but 
3 = -3 is false. Therefore, the statement Is not 
always true. 



(ID 



Indicate whether each the following statements 
i>£ always true pr is fifii always true . 

(a) If X - 3 = 10, then (x - 3)^ = 100. 

(b) Tf (x - 3)^ = 100, then x - 3 = 10. 

(c) If X - 3 = -10, then (x - 3)^ = (-10)2, 

(d) If (x - 3)^ = (-10)2, then x - 3 = -10. 

(e) If X - 3 = 10, then x2 - 3x = lOx. 



(f) If x2 - 3x = lOx, then x - 3 = 10. 



Answers ; 

(a) Always true 

(b) Not always true 
(False when x = -7) 

(c) Always true 



(d) 


Not always true 






(False when x = 


13) 


(e) 


Always true 




(f) 


Not always true 






(False when x = 


0) 



(12) Indicate for each of the following whether the 

statement is true or false . 

(a) If both sides of an equation are squared, all 
numbers which check In the original equation 
check in the resulting equation. 

(b) If both sides of an equation are multiplied by 
the same variable, all numbers which check in 
the original equation check in the resulting 
equation. 
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If the square root of both sides of an equation 
is taken, all numbers which check in the original 
equation check in the resulting equation. 

If both sides of an equation are divided by a 
variable, all numbers which check in the original 
equation check in the resulting equation, in 
general. 



Anayaia: , 

(a) True (b) True (c) False (d) False 

Note: The phrase, in general, is needed in part d 

because there are some special cases involving 
multiple zero roots; thus, all the numbers which check 

in = x^ also check in x^ = x. The solution set of 
each equation is 10, ij. 



9.? 



.VERBAL PROBIEMS INVOLVING QUADRATIC EQUATIONS 



For each of the following problems, represent the unknowns 
as algebraic expressions, write an equation that may be 
used to determine the unknowns, solve the equation, and 
determine which root or roots meet the requirements of the 
problems. 



(1) The nroduct of one mora than fl. Qlial2fi£ 

three less Ul&Jl this number J|2. DyVyrptflS 
given number . 



Answer; 



X = the number 
(X + l)(2x - 3) = 12 
jc = 3, X = 2 . The solution set is 

2 

{3» - since both roots meet the require- 



ments of the problem. 

The number is either 3 or _ 

2 



(2) The product of three greater jJlSII B. glVSfl IntSgS L 

and seven less than twice the Integer Xs, gqqq ]. ^ 
Determine the given Integer. 



Answer ; X = the given integer 
(x + 3)(2x - 7) = 15 

X = 2, X = -4. The solution set is {-4| 

2 

since 2 does not meet the requirements of the 
2 

problem as it is not an Integer. 

The Integer is -4. 



F 



o 

ERIC 



(4) 



S£ 3. rectangle exceeds twice the 
wlaiil JiZ 5 Inches. Jhg area ^ ^he reetanele ^s 52 
Afllim lnsh9g» ElM ib& length luO. £h& width . 

Answer : w = the width 

2w + 5 = the length 
w(2w + 5) = 52 

w = 4, w = _^. The solution set Is J4} 

since _ does not meet the requirements of 

the problem as the measure of the width of a 
rectangle cannot be a negative number. 

The length Is 13 Inches and the width Is 4 
Inches • 

iga ftfgiii 

three Integers . — 

Answer: x = first Integer 

' X + 1 = second Integer 

X + 2 = third Integer 
x2 + (x + 1)2 + (x + 2)2 = 50 

* “ 3 X = -5» The solution set 

Is -5] since both roots of the equation 
satisfy the requirements of the problem. 

The three consecutive Integers are either 
3, 4, 5 or -5, -4, -3. 

Solve ,t|^ following problems . 

(a) The sum of the length and width of a rectangle 
is what fractional part of the perimeter? 



(5) 



Answer : one-half 

(b) If the perimeter of a rectangle is 40 feet, what 
is the sum of the length and width? 

Answer : 20 feet 

(c) If w represents the width of the rectangle whose 
perimeter is 40, write an expression for the 
length in terms of w. 

Answer : 20 - w 

(d) The perimeter of a rectangle is 40 feet and Its 
area is 96 square feet. Find its length and 
width If the length is greater than the width. 

Answer : . w = width 

20 - w = length 
w(20 - w) = 90 
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w = 8 w = 12. The solution set Is 

{8] since if v - 12, then the length of the 
rectangle Is 8 Inches which does not meet 
the requirements of the problem that the 
length be greater than the width. 

The length Is 12 feet and the width Is 8 
feet . 



(6) Find number ^uch that the sum the number 

and ^ times Its reciprocal Is 



Answer : x = the number 

X + i = 7 

X 

X = 1, X = 6. The solution set is [l, 6} 

since both roots of the equation satisfy the 
requirements of the problem. 

The number Is either 1 or 6. 



(7) The difference between two numbers Is 5 and their 
product Is ^o. Find the numbers . 

Answer : x = the first number 

X = the greater number 
x(x + 5) = 36 

X = -9 X = 4 . The solution set is 

[-9} 4 } since both roots of the equation 
satisfy the requirements of the problem. 

The two numbers are either -9 and -4 or 
4 and 9« 

(8) Uig hypotenuse a right triangle ja k Inches 
longer than one leg and 8 Inches longer than the 
other leg . How long Is each side of the triangle ? 

Answer : x = length of the hypotenuse 

X - 4 > length of one leg 
X • 8 = length of the other leg 
(x - 4)2 + (x - 8)2 = x2 

X ~ 20 X = 4 . The solution set Is 

{20} since the root x = 4 of the equation 

does not meet the requirements of the 
problem. 

The hypotenuse Is 20 Inches and the legs are 
16 Inches and 12 Inches. 

(9) altitude of a triangle is 8 Inches longer 
than the base to which it ^s drawn . The area of the 
triangle j? 24 square Inches . Determine the length 
of the altitude . 
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Answer ; x - length of the base 

X + 8 = length of the altitude 

lx(x + 8) = 24 
2 

X = 4 X = -12. The solution set is 

{4] since the root x = -12 does not meet the 
requirements of the problem as the measure 
of a base of a triangle cannot be a negative 
number . 

The base is 4 Inches and the altitude Is 8 
Inches . 

(10) Find two consecutive Integers such that the 
square of the first Integer is equal to the square of 
the second integer . 

Answer ; x = first integer 

X 1 = second integer 

x2 = (x + 1)2 

T - 1 . The solution set is 0 since there 

2 

is only one root to this equation and this 
root does not meet the requirements of the 
problem as it is not an integer. There is 
no integer that can satisfy the requirements 
of the problem. 

(11) Find three consecutive even Integers such that 
the square of the middle Integer Is' 4 less than half 
the sum of the squares of the other two Integers . 

Answer ; x = first Integer 

X + 2 = second integer 
X + 4 = third integer 

(x + 2)2 + 4 = x2 + (x + 4)2 

2 

x2 + 4x + 8 = x2 + 4x + 8 

The equation Is an Identity so therefore the 
solution set of the equation consists of the 
set of all real numbers. Any three con- 
secutive even Integers will meet the require- 
ments of the problem. 
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